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Abstract
The	 electromagnetic	 signals	 of	 the	Global	 Navigation	 Satellite	 Systems	 (GNSS)	 satellites	 suffer	 delays	while	 propagating	 through	
the	 troposphere.	 The	 tropospheric	 delay	 is	 a	 significant	 systematic	 error	 of	 GNSS	 positioning.	 For	 safety-of-life	 applications	 of	
positioning	many	systematic	error	effects	are	either	mitigated	or	eliminated	in	the	positioning	solution.	Space	based	augmentation	
systems	provide	corrections	for	the	orbital	and	satellite	clock	error,	the	ionospheric	effects,	etc.	Moreover	advanced	GNSS	provide	
dual frequency code observations for civilian users to eliminate the ionospheric delays caused by the electron content of the upper 
atmosphere. Nevertheless tropospheric delays are still taken into account using empirical models.
For safety-of-life applications besides the accuracy of the positioning, the integrity of the positioning service is an important factor, 
too. The integrity information includes the maximal positioning error at an extremely rare probability level, called protection level 
to ensure highly reliable position solution in the aviation. The Radio Technical Commission for Aeronautics Minimum Operational 
Performance Standard (RTCA MOPS) recommends 0.12 m as the maximum zenith tropospheric error in terms of standard deviation. 
Previous studies show that this recommendation seems to be too conservative leading to a lower service availability. Therefore a more 
realistic integrity model has to be derived for the estimation of maximal residual tropospheric delay error.
In the recent years many advanced empirical tropospheric delay models have been formulated compared to the one recommended 
by the RTCA. Recently new integrity models have been derived for estimating the maximum residual tropospheric delay error using 
numerical weather models under real extreme weather.
The aim of this paper is to study the reliability of these models conditions. In order to achieve this, high-resolution numerical weather 
models were ray-traced using an improved ray-tracing algorithm to evaluate the slant and zenith tropospheric delays with the 
geographical resolution of 0.1° × 0.1°.
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1 Introduction
The troposphere and the electrically neutral zone above 
it cause electromagnetic signal delays in GNSS measure-
ments independent of the carrier frequency. The mean 
tropospheric delay is approx. 2.3 meters in the zenith 
direction. 90% of the delay is caused by the atmospheric 
gases in hydrostatic equilibrium while 10% of the delay is 
caused by the atmospheric water vapour. 
To process the GNSS pseudorange observations prop-
erly, the tropospheric delays have to be either known or 
must be estimated together with the coordinate solutions. 
In both cases a highly accurate and reliable empirical tro-
pospheric delay model has to be used for the calculations. 
For safety-of-life applications (aviation, autonomous 
driving and transportation, search-and-rescue, etc.) the 
users need to be aware of not only the accuracy, but also 
the integrity of the positioning solution. The bounding 
box of the maximum positioning error (e.g. the protection 
level) must be known at the extremely rare probality level 
of 10–7 to ensure that the GNSS system provides reliable 
positioning to the user. Although the maximum zenith tro-
pospheric error in terms of standard deviation is recom-
mended to be 0.12 m by the Radio Technical Commission 
for Aeronautics Minimum Operational Performance Stan-
dard (RTCA MOPS) [1] recent studies prove that this 
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value is overly conservative in certain geographical loca-
tions and seasons. [2], [3], [4].
One of the drawbacks of the RTCA recommendation of 
maximal tropospheric delay error is that it neglects both the 
geographical and seasonal variations in the performance of 
tropospheric delay models. Recently, an advanced resid-
ual tropospheric delay error model (ARTE) has been devel-
oped that accounts for both the geographical and seasonal 
variations [5]. However, [5] introduces the preliminary 
results of tropospheric residual error model development 
and it does not cover the validation of the model. 
The current paper studies the validation of the residual 
tropospheric error model proposed in [3] using high-res-
olution numerical weather prediction models in Central-
Europe applying a modified ray-tracing approach. A simi-
lar approach is used in [6] to derive reference tropospheric 
delays for a benchmark dataset for the evaluation of GNSS 
processing techniques. However, the applied mathemati-
cal algorithm is not presented in [6]. 
To validate the ARTE model, an extremely rainy period 
was chosen at Zadar, Croatia, when a heavy precipita-
tion of 100–200 mm in a few hours was experienced. The 
numerical weather models have been used to model the 
real atmospheric conditions during this period. The Aire 
Limitée Adaptation Dynamique Développement Inter-
national - Limited Area Dynamic Adaptation International 
Development (ALADIN) [7] meteorological parameters 
with the horizontal resolution of 0.1°*0.1° was used includ-
ing all the available 32 pressure levels between 1000 hPa 
and 10 hPa. Since the currently widely used 2D raytracing 
algorithm was developed for low resolution global numer-
ical weather models [8], where the signal path remains 
within the vertical atmospheric column above the station, 
the algorithm needed to be further modified to consider the 
propagation of the satellite signals to the adjacent columns, 
too. Section 4.2 explains the modified algorithm in details.
The extreme precipitation enables us to study the mag-
nitude of the residual error provided by various advanced 
tropospheric delay models, such as the RTCA MOPS [1] 
and the Askne-Nordius [9] tropospheric delay model using 
Global Pressure and Temperature Model 2 Wet (GPT2W) 
[10] meteorological parameters. Section 2 introduces these 
models in details. They have already been studied under 
nominal conditions in [11] using radiosonde observa-
tions and it was shown that the GPT2W model performs 
better than the original RTCA MOPS model. However 
radiosonde observations are available at a few stations in 
Central-Europe and their temporal resolution is weak, too. 
Thus they are not suitable for assessing the residual tro-
pospheric delay models for large regions with high spatial 
and temporal resolution. 
It must also be mentioned that [12] shows an alter-
nate approach to minimize the non-nominal tropospheric 
delays in satellite navigation by selecting only a sub-
set of the available satellites in the positioning solution. 
However the application of this model is not compatible 
with the currently adopted standards of RTCA.
2 The studied tropospheric delay models
The total tropospheric delay is usually calculated in zenith 
direction (ZTD) and it can be divided into two parts, the 
zenith hydrostatic (ZHD) and the zenith wet (ZWD) delay 
[13]. The various empirical troposphere models use slightly 
different types of meteorological parameters as input data, 
such as the air temperature, the air pressure, the water vapour 
pressure, the temperature lapse rate and the water vapour 
lapse rate to calculate both ZHD and ZWD [14]. The delay 
substantially increases as the satellite is located closer to the 
horizon. The tropospheric delay models take this effect into 
consideration by introducing an elevation angle dependent 
mapping function. Depending on the source of the input 
meteorological data, all tropospheric models can be evalu-
ated in blind and site modes. In blind mode models use their 
own built-in dataset or data stemming from the international 
reference atmosphere, while in-situ meteorological observa-
tions can improve the accuracy of the models in site mode.
2.1 RTCA MOPS model 
According to the RTCA recommendations the ZHD and 
ZWD are calculated using five meteorological parame-
ters: air temperature (T [K]), air pressure (p [hPa]), water 
vapour pressure (e [hPa]), temperature lapse rate (α [K/m]) 
and water vapour lapse rate (λ [-]) [1]:
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where k1 = 77.604 K/hPa and k3 = 382000 K2/hPa are the 
empirical refraction coefficients, Rd = 287.054 J/kgK 
denotes the gas constant of dry air, g = 9.80665 m/s2 is the 
gravity acceleration, gm = 9.784 m/s2 corresponds to the 
mean gravity acceleration and H [m] is the receiver’s height 
above the mean sea level. 
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In blind mode the five meteorological parameters are 
calculated with the mean values and the annual variations 
which are built into the model and depend on the receiver 
latitude and the day-of-year. These values are derived 
from the UNB3 troposphere model [15]. The model distin-
guishes two cases at mapping function calculation: in the 
first one the elevation angle is not less than 4° [16] and the 
second case it is less than 4° but not less than 2°. The two 
formula can be merged:
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where m(Ei ) denotes the mapping function and Ei is the 
elevation angle of the i-th satellite. 
2.2 GPT2W model 
GPT2W is a global empirical model of surface meteo-
rological parameters [10] and this is improved to model 
wet delay better compared to the original Global Pressure 
and Temperature Model (GPT2) [17]. GPT2W provides 
global models for the air temperature, the air pressure, the 
temperature lapse rate, the water vapour pressure and its 
decrease factor and the weighted mean temperature, which 
are derived from European Centre for Medium-Range 
Weather Forecasts (ECMWF) Era-Interim [18] reanaly-
sis monthly mean data on 37 pressure level for the period 
of 2001–2010. The mean values, the annual and semi-an-
nual variations of the meteorological parameters are in a 
global grid with resolution 1° × 1°. This model uses the 
Saastamoinen troposphere model [19] to estimate the 
zenith hydrostatic delay and the Askne-Nordius tropo-
sphere model [9] to calculate the zenith wet delay:
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where k2' = 16.5221K/hPa és k3 = 377600 K2/hPa are empir-
ically determined coefficients, Rd = 286.9 J/kg/K denotes 
the gas constant of dry air, es is the water vapour pres-
sure at the site [hPa] Tm denotes is the weighted mean tem-
perature of the water vapour [K].The computation of the 
slant tropospheric delay is done using the Vienna Mapping 
Function (VMF1)[8].
3 Integrity analysis
In order to ensure safety-of-life users that the positioning 
solution provided by GNSS is reliable, the performance of 
the tropospheric delay models have to be evaluated from 
the integrity perspective. In such investigations, generally 
the residual error of the positioning solution is quantified 
and investigated using statistical tools at very high confi-
dence levels (4–6σ). Since our paper focuses on the perfor-
mance of the tropospheric delay model only, our studies on 
the residual tropospheric delays are discussed in the next 
parts of the paper. It must also be noted that the total resid-
ual error for GPS pseudo-range measurements are cur-
rently dominated by the ionospheric effects, rather than 
the troposphere [20]. However, the emerging new civilian 
signals available in modernized GNSS systems will sig-
nificantly improve the mitigation of ionospheric effects, 
thus the tropospheric delays will become a dominant error 
source of pseudorange observations, especially for lower 
elevation angles [21]. The RTCA MOPS [1] specifies the 
currently adopted tropospheric delay model for safety-of-
life users. It recommends a very conservative global con-
stant for the estimation of maximal residual tropospheric 
delay error of 0.12 m in terms of standard deviation. The 
residual tropospheric delay error in the slant direction is 
calculated using an appropriate mapping function [16]:
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where is бTVE = 0.12 m.
The integrity of the tropospheric delay model is main-
tained, when the estimated maximal tropospheric resid-
ual error (the tropospheric protection level) overbounds 
the real tropospheric residual error at a very high confi-
dence level. According to the International Civil Aviation 
Organization (ICAO) recommendations, the integrity of 
the positioning service must be maintained at the prob-
ability level of (1–10–7) over 150 seconds in case of 
approach operations with vertical guidance (APV-I and 
APV-II), the vertical guidance down to a decision height 
of 200 feet (LPV-200) and the Category I (CAT-I) preci-
sion approaches [22] [23]. Thus in our studies the vertical 
tropospheric protection level (VTPL) is calculated as:
VTPL KV i tropo= ⋅σ ,� ,  (7)
where KV = 5.33 [1] is the value of the probability density 
function of the standard normal distribution at the proba-
bility level of 10–7. 
Recently, new global models have been derived for the 
estimation of the maximal residual tropospheric delay 
error using the extreme value theory in [5]. These models 
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consider both the geographical and the seasonal variations 
of the maximal residual tropospheric delay error, and pro-
vide the empirical input parameters for 18 latitude bands 
of 10° for the whole globe for both the hydrostatic (бHVE) 
and wet (бWVE) tropospheric zenith delays separately.
At Zadar, Croatia (N44.1, E15.2) the hydrostatic and 
wet error can be calculated with the given parameters in 
the latitude band of N40°–50° for any time of the year. 
To determine the slant errors Eqs. (5–6) are used with the 
hydrostatic and wet delay error. 
4 Generating the reference data using ray tracing
The aim of this work is to evaluate and validate the var-
ious maximal tropospheric delay error models under an 
extreme weather scenario based on numerical weather 
model data. In order to calculate the residual tropospheric 
delay error, the tropospheric delay caused by the real atmo-
sphere must be calculated as reference data, and the tro-
pospheric delays estimated by the various models will be 
subtracted from these reference models to obtain the resid-
ual error. In this section the calculation of the reference 
data sets using numerical weather models is discussed.
4.1 Input data 
ALADIN [7] is a regional numerical weather analysis and 
forecast model that contain different meteorological data 
in a grid with the resolution of 0.1° × 0.1°. The ALADIN 
model provided by the Hungarian Meteorological Service 
covers Europe between the latitudes of 37°–56° and the 
longitudes of 2°–31°. Daily 4 analysis datasets (00, 06, 12, 
18 UTC) of geopotential, temperature and specific humid-
ity values were used for the period 7.5–13.5 September 
2017 on 32 pressure level (1000hPa-10hPa) for this study, 
where 7.5 identifies the day of the month (DOM), thus 
the starting time of the corresponding 6-hour-interval 
(7/09/2017 UTC 12–18). In order to consider the delay 
effects of the higher neutral atmosphere, the International 
Standard Atmosphere (ISA) [24] data were used to extend 
the vertical profiles of meteorological data up to 86000 m. 
4.2 Calculation of the reference tropospheric delays
Slant tropospheric delays can be calculated by ray tracing the 
numerical weather models of the neutral atmosphere along 
the path of the satellite signal. The ray is started at the loca-
tion of the receiver at a certain elevation angle and refracts 
at the boundary of each atmospheric layer. Thus the distance 
travelled in each atmospheric layer can be calculated as a 
function of the elevation angle and the width of the layer. 
In order to minimize the error of the latter numerical 
integration, the vertical resolution of the input data was 
increased by interpolation. Firstly the resolution of the 
height is increased in a pre-defined manner given in [25]. 
The temperature was interpolated linearly in the vertical 
profiles, while the pressure and the water vapour pressure 
were interpolated exponentially. 
It must be mentioned, that the original ray-tracing 
method given in [8] was developed for the ray-tracing of 
global numerical weather models with the resolution of a 
few degrees. Thus it did not consider the case when the 
ray leaves the vertical column of the atmospheric profile 
above the station and continues its path in one of the adja-
cent vertical columns. However, due to the high horizon-
tal resolution (0.1°–8 km) of the applied local numerical 
weather model, this case had to be considered, too. 
(a)
(b)
Fig. 1 The principle of the improved ray-tracing method a) Side view 
with refracted ray in the atmospheric layers, where β1 is the incident 
angle, R0 is the radius of the Earth, ΔR is the width of the layer and e1 is 
the elevation angle, ε1 denotes the central angle, N is the refractivity and 
n is the refractivity index. 
b) The calculation of the geographical coordinates of the piercing point 
projected to the Earth surface, where α is the azimuth, s1 is the length of 
the refracted
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The principle of the modified approach is that not 
only the elevation of the piercing point of the satellite-re-
ceiver ray at the boundary of atmospheric layer is calcu-
lated, but also its geographical coordinates are computed. 
Since these coordinates usually do not coincide with the 
grid points of the numerical weather model, at each level a 
bilinear interpolation of the meteorological parameters is 
used to estimate the value of the parameter at the intersec-
tion. Thus, the improved ray-tracing method requires the 
determination of the coordinates where the ray reaches the 
boundary of the layer. Fig 1. depicts the geometry of this 
calculation. Firstly, the incident angle (b1) is calculated 
from the vertical section formed by the satellite-receiver 
path and the Earth’s center in the lowest atmospheric layer:
β
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where R0 is the radius of the Earth, ΔR is the width of the 
layer and e1 is the elevation angle. The central angle (ε) can 
be calculated using the sum of the inner angles of the triangle. 
Secondly, the geographical coordinates of the piercing 
point are calculated using spherical approximation:
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In order to determine the value of the meteorological 
parameters at the piercing point, a bilinear interpolation is 
done using all the four adjacent grid points. 
In order to trace the ray between the receiver and the 
satellite, the refracted angle must be calculated using the 
Snell’s Law. Therefore the refractivities are calculated in 
the adjacent atmospheric layers using the Essen-Froome 
equation [26]:
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where pd is the air pressure of dry air [hPa], Zd and Zw 
denote the compressibility factor of dry air and water 
vapor [-] and k2 = 64.790 K/hPa. Based on the refractivi-
ties, the refracted angle can be calculated using the Snell’s 
Law. Since it is the complementer angle of the elevation 
angle in the next atmospheric layer, an analogous calcu-
lation can be done to determine the incident and refracted 
angles at the next atmospheric layers. Eq. (8–10) can be. 
Thus, the geometry of the bent satellite-receiver ray can 
be reconstructed.
However, it must also be noted that the majority of the 
tropospheric delay stems from the propagation velocity of 
the signal in the atmospheric layer and the geometry has a 
significantly lower effect on the tropospheric delays. The 
total slant tropospheric delay (STD) can be estimated by 
the numerical solution of the Thayer-integral [27]:
STD Nds= ∫−10 6  (12)
where N is total refractivity (hydrostatic plus wet), that is 
integrated along the ray path between the satellite and the 
receiver.
For the numerical solution, the hydrostatic and wet 
delays caused by each atmospheric layer can be quantified 
as a product of the length of the ray and the hydrostatic 
and wet refractivity, respectively [13][26]. Finally, the total 
slant delays are calculated as the sum of the hydrostatic and 
wet delays caused by the individual atmospheric layers:
STD N s
i
k
i i=
−
=
∑10 6
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where i = 1, 2,…k, where k is the number of the atmo-
spheric layers, si denotes the length of the refracted beam, 
Ni is the refractivity of the given layer.
It must be noted that this improved approach provides 
anisotropic slant tropospheric delay estimates, since the 
meteorological parameters are not isotropic. Therefore the 
calculation should be made for different azimuths and ele-
vation angles separately. 
5 Results
In order to calculate the residual tropospheric delay error, 
firstly the hydrostatic and wet tropospheric delays are esti-
mated using the RTCA MOPS and GPT2W tropospheric 
models. Afterwards, the reference delays are calculated by 
the improved ray tracing method.
The differences between the reference and the esti-
mated values provide the residual tropospheric delay error. 
These residual error values were compared to the maximal 
tropospheric delay error estimated by the RTCA MOPS 
and the ARTE models. To carry out this validation test, 
a test scenario with extreme weather conditions was cho-
sen. Between 10–11 September 2017 an extremely intense 
precipitation occurred in the area of Zadar, Croatia. Field 
observations reported that the total amount of the rainfall 
reached the level of 100–200 mm in a couple of hours. 
For the same period, four precipitation maps per day 
were derived using the ALADIN model with the resolution 
0.1° × 0.1°.The precipitation maps identified a cumulative 
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Fig. 2 Precipitation maps of 11.0, 11.25, 11.5 September 2017 at Zadar 
[mm]
precipitation of 59 mm at Zadar in 6 hours for 11.25 
September 2017. The cumulative precipitation in 12 hours 
(11.25–11.5) almost reaches the level of 83 mm. These val-
ues are significantly less, than the observed ones, which 
can be explained by the smoothing effect of the numerical 
weather model. Based on the precipitation maps a rainy 
(11.25) and two dry periods (7.5–11.0, 11.5–13.5) are dis-
tinguished at the analysis (Fig 2). 
The ARTE model gives the hydrostatic and the wet tro-
pospheric delay error separately, while the RTCA MOPS 
recommendation provides a maximum residual tropospheric 
delay error for the total tropospheric delay. To be able to 
compare the performance of the two residual error models 
separately for the hydrostatic and the wet component, the 
maximal total sigma provided by the RTCA MOPS has to 
be split into two separate values for the hydrostatic and wet 
delays. Since the ARTE model provides the ratio between 
the hydrostatic and wet maximum residual errors in terms 
of standard deviation as бWV = 1.75*бHV for the study period, 
the sigma of 0.12m recommended by the RTCA MOPS was 
separated to hydrostatic and wet sigmas keeping this ratio 
using the law of the propagation of uncertainties. Thus for 
the RTCA MOPS comparisons the following sigma values 
were used in the zenith direction: бHV = 0.060 m and бWV 
= 0.104 m. The residual error calculations were done using 
(Eq. (5–7)) in the azimuth of 135° for the elevation angles of 
88°to 6° with the increments of two degrees. It must be noted 
that the azimuth of the satellite affects the values of the ray-
traced reference data only while the estimated tropospheric 
delay values are isotropic. In order to assess the effect of the 
anisotropic reference tropospheric delays around the station, 
the calculations were done for several azimuths, but only 
marginal differences were observed in the results.
The residual tropospheric delay error values are plot-
ted with the maximum tropospheric error of both integrity 
models for the whole period. Although the ARTE model 
takes into consideration the seasonal variation of the 
maximal residual tropospheric delay error, this variation 
during the one-week-period was less than 1%. Therefore 
the variation of the maximal tropospheric delay error val-
ues were neglected and the ARTE model was evaluated 
for the middle of the study period of 10.5 September, 2017. 
The estimation of the maximum residual tropospheric 
delay error calculations were done using both of the 
RTCA MOPS and the GPT2W models in both blind and 
site modes for Zadar. Fig. 3. and Fig. 4 show the results 
obtained in blind mode and site mode, respectively. The red 
curve depicts the estimated maximum residual error using 
the ARTE model, while the orange curve shows the same 
error estimated using the RTCA MOPS recommendation. 
The calculated real tropospheric residual error values are 
symbolized with grey or blue crosses for the dry and the 
rainy period, respectively. The results have revealed that 
the hydrostatic delay residuals in both blind and site mode 
show no significant differences between the dry and wet 
periods. However remarkable differences can be experi-
enced between the dry and rainy periods for the wet com-
ponent in blind mode. The results agree with the expec-
tations, which the RTCA-MOPS and the GPT2W models 
underestimate the wet delay in the rainy period, because 
of the fact that significantly higher amount of precipitation 
was observed in Zadar than normally in this season. 
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Fig. 3 The differences between the delays of the reference and the analysed models a) GPT2W hydrostatic b) GPT2W wet c) RTCA hydrostatic and d) 
RTCA wet (blue: rainy) in blind mode. The maximum wet tropospheric errors of the RTCA MOPS and of the ARTE integrity model
(b)(a)
(d)(c)
(b)(a)
(d)(c)
Fig. 4 The differences between the delays of the reference and the analysed models a) GPT2W hydrostatic b) GPT2W wet c) RTCA hydrostatic and d) 
RTCA wet (blue: rainy) in site mode. The maximum wet tropospheric errors of the RTCA MOPS and of the ARTE integrity model
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The results have also shown that both the ARTE and 
the RTCA MOPS models overestimate the residual tropo-
spheric delay error for both the hydrostatic and the wet 
components in the study period. This confirms that both 
of the models can be effectively used to provide reliable 
maximal residual error estimates for the tropospheric 
delay models. The figures also clearly show that the ARTE 
model provides significantly lower error estimates at all 
the elevation angles, which proves that the ARTE model 
is less conservative than the RTCA MOPS model. Our 
case study has revealed that the ARTE model achieves the 
overbounding of residual tropospheric delay error with 
a smaller error estimate compared to the RTCA MOPS 
model. Thus, it could be more efficiently used for safety-
of-life applications even in the studied extreme weather 
conditions, since it provides smaller maximal error esti-
mates leading to a smaller protection level. This can con-
tribute to the improvement of the availability and continu-
ity of the satellite positioning service.
6 Summary and conclusions
For the safety-of-life users the coordinates obtained by the 
onboard GNSS receivers must be reliable. The reliability 
of the service can be studied using the tools of integrity 
analysis. Focusing on the tropospheric delays only, the 
current RTCA MOPS recommendations give a very con-
servative, global constant for the maximal residual tropo-
spheric error of 0.12 m in terms of the standard deviation. 
Recently, a less conservative integrity model called ARTE 
was developed that takes into consideration the seasonal 
and geographical variations. This model was derived by 
the statistical analysis of residual tropospheric delay error 
at a high confidence levels (4–6 σ). 
Our study focused on the validation of this models using 
real atmospheric conditions during an extreme weather event. 
In order to achieve this, an improved raytracing method was 
applied. The ALADIN numerical weather model data with 
resolution 0.1° × 0.1° for 7.5–13.5 September 2017, contain-
ing an extreme rainy period at Zadar (N44.1, E15.2). 
Our results showed that although the ARTE model pro-
vides significantly lower maximal residual tropospheric delay 
error estimates, it still provides conservative estimations. 
It must be noted, that small confidence interval of 
ARTE can improve the availability and continuity of the 
positioning system service. The reason of this that the 
accuracy expectations at a lower protection level are rarely 
exceeded. The ARTE model can improve these features 
without the development of hardware. 
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